Abstract. We prove two conjectures on sums of products of Catalan triangle numbers, which were originally conjectured by Miana, Ohtsuka, and Romero [Discrete Math. 340 (2017), 2388-2397. The first one is proved by using Zeilberger's algorithm, and the second one is proved by establishing its q-analogue.
Introduction
The well-known Catalan numbers C n := 1 n+1 2n n play an important role in combinatorics. For example, the Catalan number C n counts the number of sequences a 1 , a 2 , . . . , a 2n consisting of n 1's and n (−1)'s such that a 1 + · · · + a k 0 for k = 1, . . . , 2n. See [22, 23] for more combinatorial explanations of the Catalan numbers.
Shapiro [20] introduced the Catalan triangle (B n,k ) n k 0 given by
The Catalan triangle and related topics have been studied by many authors over the past decade. See, for example, [2, 4, 7, 10-13, 16-18, 21, 24, 25] . In particular, Miana, Ohtsuka, and Romero [16, holds for r = min{n, m} and s = max{n, m}. In the particular case m = n, we recover (1.1).
In this paper, we shall prove the following stronger version of Conjecture 1.1.
Theorem 1.2
The identity (1.2) holds for r = m and s = n. It also holds for r = n and s = m.
We shall also give the following new identity.
Theorem 1.3
Let m and n be non-negative integers. Then
Miana, Ohtsuka, and Romero [16] considered the numbers
and called them Catalan triangle numbers. It is easy to see that B n,k = C 2n,n−k . Miana, Ohtsuka, and Romero [16, Theorem 1.2(i) and Theorem 3.
and proposed the following conjecture [16, Conjecture 4.1]:
Conjecture 1.4 Let n and a be positive integers with n > a, and let r be a non-negative integer. Then It is easy to see that C n,k = −C n,n−k . Hence, to prove (1.4), it suffices to prove (1.4) for the case where n 2a. It is easy to see that the congruence (1.4) can be written as the following two congruences according to the parity of n (also reversing the summation order):
where
In this paper, we shall confirm Conjecture 1.4 by establishing (1.5) and (1.6), respectively. More precisely, we shall give q-analogues of (1.5) and (1.6).
The q-integers are defined by [n] = 1−q n 1−q and the q-shifted factorials (see [5] ) are defined by (a; q) 0 = 1 and (a;
It is well-known that the q-binomial coefficients are polynomials in q with integer coefficients. The polynomials B n,k (q) and A n,k (q) are given by (see [8, 10] )
Let P (q) be a Laurent polynomial in q and let D(q) be a polynomial in q. For convenience, we write
We have the following q-versions of (1.5) and (1.6).
Theorem 1.5 Let n be a positive integer, and let a and r be non-negative integers with a n. Then, for 0 j 2r + 1, there holds
Theorem 1.6 Let n be a positive integer, and let a and r be non-negative integers with a n. Then, for 0 j 2r + 1, there holds
It is clear that (1.5) and (1.6) follow from Theorems 1.5 and 1.6 by letting q = 1. It should also be mentioned that the a = 0 case of Theorem 1.5 follows from [7, Theorem 1.3] , while the a = 0 case of Theorem 1.6 can be deduced from [8, Theorem 1.3].
Proof of Theorem 1.2
We first prove (1.2) holds for r = m and s = n. Namely,
It can be easily proved by induction that (see [16, Theorem 2.
Moreover, by reversing the summation order, we have
Hence, the identity (2.1) is equivalent to
Denote the left-hand side and right-hand side of (2.2) by S n (m) and T n (m), respectively. Then Zeilberger's algorithm [15, 19] gives
Since S n (0) = T n (0) = 0, we conclude that S n (m) = T n (m) for all non-negative integers m.
To prove that (1.2) also holds for r = n and s = m, noting that
which is equivalent to
But (2.4) can be easily proved by Gosper's algorithm. This completes the proof of (2.3).
Proof of Theorem 1.3
The m = 3 case of [10, Corollary 4.1] gives
Namely,
Letting n 1 = n 3 = n and n 2 = m in (3.1), we obtain
Combining (2.2) and (3.2), we get (1.3).
Remark. The identity (1.3) can also be proved by Zeilberger's algorithm.
Proof of Theorem 1.5
We first need to establish the following result, which is similar to [7, Theorem 1.1].
Theorem 4.1 Let n be a positive integer and let a, r be non-negative integers with a n. Then, for j = 0, 1, there holds
Proof. For j = 0, let
It is easily seen that (via telescoping)
For r 1, since
we have
Applying the recurrence relation (4.1) and by induction on r, we can easily prove that, for all positive integers r, there holds
Using the relation
, we have T r (a, n; q) = q n 2 +2rn+2n−2r−1 S r (a, n; q −1 ). Therefore, from (4.2) we deduce that
Since both S r (a, n; q) and T r (a, n; q) are polynomials in q, we obtain the desired result.
We also need the following generalization of Theorem 4.1.
Theorem 4.2 Let n 1 , . . . , n m , n m+1 = n 1 be positive integers. Then for any non-negative integers a, j and r with a n 1 and j m, the expression
is a Laurent polynomial in q with integer coefficients.
Proof. Denote (4.3) by S r (a; n 1 , . . . , n m ; j, q). Let
Then we can write S a (n 1 , . . . , n m ; r, j, q) as
(4.4) For m 3, there holds C(n 1 , . . . , n m ; k) = (q; q) n 2 +n 3 (q; q) nm+n 1 (q; q) n 1 +n 2 (q; q) nm+n 3
By the q-Chu-Vandermonde summation formula (see, for example, [1, p. 37, (3.3.10)]), we have
which may be rewritten as
where we assume that 1 (q;q)n = 0 for any negative integer n. Substituting (4.5) and (4.6) into (4.4), we obtain S r (a; n 1 , . . . , n m ; j, q)
where l = s + k. Noticing that, for m 3,
we are led to the following recurrence relation S r (a; n 1 , . . . , n m ; j, q) =
Similarly, for m = 2, we have S r (a; n 1 , n 2 ; j, q) =
Now we can give an inductive proof of the theorem. For m = 1, the conclusion is true by Theorem 4.1. Suppose that S r (a; n 1 , . . . , n m−1 ; j, q) is a Laurent polynomial in q with integer coefficients for some m 2 and all j with 0 j m − 1. Then by (4.7) (if m 3) or (4.8) (if m = 2), so is S r (a; n 1 , . . . , n m ; j, q) for 1 j m. Furthermore, since S r (a; n 1 , . . . , n m ; 0, q) = S r (a; n 1 , . . . , n m ; m, q −1 )q
for m 2, one sees that S r (a; n 1 , . . . , n m ; 0, q) is also a Laurent polynomial in q with integer coefficients. This completes the proof.
Note that, by (4.8) and the q-Chu-Vandermonde summation formula, there holds S 0 (a; n 1 , n 2 ; 1,
Let Φ n (x) be the n-th cyclotomic polynomial. The following result is very useful in dealing with q-binomial coefficients (see [14, (10) ] or [3, 9] ). 
where the product is over all positive integers d m such that ⌊k/d⌋ + ⌊(m − k)/d⌋ < ⌊m/d⌋.
Proof of Theorem 1.5. Letting m = 2r + 1 and n 1 = · · · = n 2r+1 = n in Theorem 4.2, we see that
is a Laurent polynomial in q with integer coefficients. Note that B n,k (q) is a polynomial in q with integer coefficients (see [6, 10] ). Therefore,
is a Laurent polynomial in q with integer coefficients. It is well-known that
Therefore, from Proposition 4.3 we immediately deduce that
This completes the proof.
Proof of Theorem 1.6
We first need to establish the following result.
Lemma 5.1 Let n be a positive integer and let a, s be non-negative integers with a n. Then
Proof. We proceed by induction on s. For s = 0, we have
Suppose (5.1) is true for s. Noticing the relations
we can easily prove that (5.1) holds for s + 1.
We have the following generalization of (5.1).
Lemma 5.2 Let n be a positive integer and let a, r, s be non-negative integers with a n. Then
Proof. We proceed by induction on r. Denote the left-hand side of (5.3) by X r (a, n, s; q). By (5.1), one sees that (5.3) is true for r = 0. For r 1, suppose that X r−1 (a, n, s; q) ≡ 0 mod [2n + 1] 2n n − a holds for any positive integer n and non-negative integers a, s with a n. It is easy to check that
and therefore,
By the induction hypothesis and applying (5.2), we immediately deduce from the recurrence (5.4) that (5.3) holds for r.
Theorem 5.3 Let n 1 , . . . , n m , n m+1 = n 1 be positive integers. Then for any non-negative integers a, j and r with a n 1 and j m, the expression
Proof. Denote (5.5) by S r (a; n 1 , . . . , n m ; j, q). Let
where a l+1 = a 1 . Then S r (a; n 1 , . . . , n m ; j, q)
For m 3, we have
Applying (5.7) and the q-Chu-Vandermonde summation formula (see [1, p. 37, (3.3.10)])
we may write (5.6) as S r (a; n 1 , . . . , n m ; j, q)
,
we obtain S r (a; n 1 , . . . , n m ; j, q) = n 1 l=a q l 2 +l n 1 − a l − a n 2 + n 3 + 1 n 2 − l S r (a; l, n 3 , . . . , n m ; j − 1, q) (5.9) for m 3. Similarly, for m = 2, applying (5.8) we get S r (a; n 1 , n 2 ; j, q) =
Similarly to the inductive proof of Theorem 4.2, using (5.3) (with s = 0), (5.9), (5.10) and the following relation S r (a; n 1 , . . . , n m ; 0, q) = S r (a; n 1 , . . . , n m ; m, q −1 )q n 1 n 2 +n 2 n 3 +···+n m−1 nm−n 1 −nm+a(a+nm−n 1 )
for m 2, we can prove the theorem.
Note that, by (5.10) and the q-Chu-Vandermonde summation formula, there holds S 0 (a; n 1 , n 2 ; 1, q) = n 1 + n 2 n 1 + a q a 2 .
Proof of Theorem 1.6. Letting m = 2r + 1 and n 1 = · · · = n 2r+1 = n in Theorem 5. 
Two open problems
In this section, we give two related conjectures for further study. The first one is a stronger version of Theorem 4.2, and is also a generalization of [7, Conjecture 6.3] .
Conjecture 6.1 Let n 1 , . . . , n m , n m+1 = n 1 be positive integers. Then, for any integer j and non-negative integers a, r with a n 1 , the expression
is a Laurent polynomial in q, and it has non-negative integer coefficients if 0 j m.
Conjecture 6.2 Theorem 5.3 is still true for any integer j.
